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Abstract

We provide an upper bound for the maximum number of limit cycles for the class of discontinuous piecewise
differential systems formed by two differential systems separated by the straight line x = 0, one of which is a linear
rigid center while the other is a rigid center formed of a linear part plus a homogeneous polynomial of odd degree.
We solve the extended 16th Hilbert problem for this class of discontinuous piecewise differential systems.
Keywords: Piecewise smooth vector fields, rigid centers, limit cycles

2010 MSC: 34A36, 37G15, 34C05, 34C07

1. Introduction and main results

The study of the limit cycles is one of the most important objectives in the qualitative theory of the planar
ordinary differential equations. Already in 1900 Hilbert [1] proposed a list of 23 relevant problems to be solved
during the XX century. In his 16th problem Hilbert asked for an upper bound for the number of limit cycles for
the class of planar polynomial vector fields of degree n. This problem remains unsolved for n > 2. We remark that
to provide an upper bound for the maximum number of limit cycles in general is a very difficult problem for any
class of given differential systems, non necessarily polynomial differential systems.

The study of the discontinuous piecewise differential systems, more recently also called Filippov systems, has
attracted the attention of the mathematicians during these past decades due to their applications. These piecewise
differential systems in the plane are formed by different differential systems defined in distinct regions separated
by a curve. A pioneering work on this subject was due to Andronov, Vitt and Khaikin [2] in 1920’s, and later
on to Filippov [3] in 1988 who provide the theoretical bases for this kind of differential systems. Nowadays a vast

literature on these differential systems is available. See for instance [4] for the main theory and some applications, [5]
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for applications in electrical circuits, [6] for applications in mechanical models, [7] for applications in relay systems,
[? 8] for applications in biological models, among others. As for the smooth differential systems the study of the
existence and location of limit cycles in the piecewise differential systems is also of great importance.

Let p € R? be a singular point of an analytic differential system in the plane. The singularity p is a center if
there exists an open neighborhood U of p such that all the solutions in U \ {p} are periodic. Denote by 7, the
period of the periodic orbit through the point ¢ € U \ {p}. We say that p is an isochronous center if T, is constant
for all ¢ € U\ {p}. An isochronous center is uniform or rigid if the angular velocity of the vector field is the same
for all periodic orbits in U \ {p}. In other words, an isochronous center is rigid if in polar coordinates (r, ) defined
by = rcos6, y = rsinf it can be written as 7 = G(r, 0), 0 = k, where k # 0 is a constant. See [9, 10] for details.
After scaling the time (if necessary) it is always possible to consider 6 =1 in the previous expression.

Isochronicity in the regular case has been widely studied in the last decades, see for instance [11, 12, 13, 14, 15,
16, 17] due to its importance in applications involving physical phenomena. In recent years isochronicity has also
been explored for the discontinuous piecewise differential systems, see for instance [18, 19, 20], by considering the
coupling of two or more centers and investigating their dynamics.

The main goal of this paper is to provide the maximum number of limit cycles that can exhibit the discontinuous
piecewise differential systems formed by the coupling of two special rigid centers whose discontinuous curve is the

straight line z = 0. More precisely, in one half-plane we consider the linear rigid center

T = Y, y =, (1)

while in the other half-plane, given an odd n, we consider a rigid center of the form

n—1 n—1
= —y—i—xZaix"_i_lyi, y==x +y2aix"_i_1yi, (2)
=0 i=0

but both centers after an arbitrary affine change of variables.

Our main result is the following one.

Theorem 1.1. Consider the discontinuous piecewise differential systems formed by system (1) in x < 0 after the

affine change of variables
(X,Y) = (b1 + bay + dy, bsx + bay + da), b eR, dj €R, withi=1,2,3,4 and j =1,2,
and system (2) in x > 0 after the affine change of variables
(X,Y) = (12 + oy + My, c3x + cay + Ms), ¢ €R, M; eR, withi=1,2,3,4 and j=1,2,

such that their centers continue being rigid centers. Then such discontinuous piecewise differential systems have at

most n — 2 limit cycles for n odd.

The paper is organized as follows. In section 2 we recall the basic theory of the piecewise smooth vector fields.
Section 3 brings some considerations about the rigid centers considered in this work. Theorem 1.1 is proved in

section 4. Finally section 5 closes the paper with concluding remarks.
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2. Preliminary definitions and results

In this section we present the basic results of the theory on piecewise smooth vector fields that we need. A
discontinuous piecewise smooth vector field on an open set U C R? is a pair of C"-vector fields X and Y with r > 1,
defined on U separated by a smooth codimension one manifold ¥. The switching manifold % or line of discontinuity
of the discontinuous piecewise differential system is obtained by considering ¥ = h=1(0), where h: U C R? — R
is a differentiable function having 0 as a regular value. Note that X is the separating boundary of the regions
Yt ={(x,y) € U|h(z,y) > 0} and ¥~ = {(x,y) € U | h(x,y) < 0}. So, a piecewise smooth vector field is provided
by

Zia.y) = X(z,y), if h(z,y) >0, )

Y(x,y), if h(z,y) <0.
As usual, system (3) is denoted by Z = (X,Y, %) or simply by Z = (X,Y), when the separation line ¥ is well
understood. In order to establish a definition for the trajectories of Z and investigate its behavior, we need a
criterion for the transition of the orbits between ¥ and ¥~ across ¥. The contact between the vector field X (or

Y) and the switching manifold ¥ is characterized by the derivative of h in the direction of the vector field X (also

known as the Lie derivative of h with respect to X), that is by the expression

Xh(p) = (Vh(p), X(p)),

and for i > 2 we define X*h(p) = (VX" "'h(p), X (p)), where (., .) is the usual inner product in R?. The basic results
of the discontinuous piecewise differential systems in this context were stated by Filippov [3]. We can divide the

switching manifold ¥ in the following sets:
(a) Crossing set: ¢ : {p € ¥ : Xh(x)-Yh(x) > 0}.
(b) Escaping set: ¢ : {p € ¥ : Xh(x) > 0 and Yh(x) < 0}.
(¢) Sliding set: % : {p € ¥ : Xh(x) <0 and Yh(x) > 0}.

The escaping X¢ or sliding ¥° regions are respectively defined on points of ¥ where both vector fields X and
Y simultaneously point outwards or inwards from ¥ while the interior of its complement in ¥ defines the crossing
region ¥.¢ (see Figure 1). The complementary of the union of these regions is the set formed by the tangency points

between X or Y with X.

Figure 1: Crossing, sliding and escaping regions, respectively.

A point p € ¥ is called a tangency point of X (resp. Y) if it satisfies Xh(p) = 0 (resp. Yh(p) = 0). A tangency
point is called a fold point of X if X2h(p) # 0. Moreover, p € ¥ is a wvisible (resp. invisible) fold point of X if
X2h(p) > 0 (resp. X2h(p) < 0).
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In order to define a trajectory of a discontinuous piecewise differential system passing through a crossing point,
it is enough to concatenate the trajectories of X and Y through that point. However in the sliding and escaping
sets we need to define an auxiliary vector field. So we consider the Filippov’s convention (see [3]) and a new vector
field is defined on X¢ U 3¢. This new vector field, called sliding vector field, is a convex linear combination of X (p)
and Y'(p) in a way that Z° is tangent to ¥ in the cone generated by X (p) and Y (p). In this scenario the trajectories
of Z are considered as a concatenation of trajectories of X, Y and Z°.

Furthermore given a discontinuous piecewise vector field Z = (X,Y) we say that an equilibrium point p of X is
real if p € X7 and it is virtual if p € ¥~. Similar definitions for the equilibria of Y.

Given a vector field F(z,y) = (Fi(z,y), F2(z,y)), defined on an open set U C R?, we consider the corresponding
ordinary differential equations

gb:—:Fl(fE,y), yzizFQ(xay)v (4)

where the independent variable ¢ is called the time. Denote the flow of (4) by ¢r or simply by ¢ when there is
no danger of confusion. Also denote by ¢g(t,p) or by ¢(t,p) the solution of system (4) by the point p such that
©(0,p) = p.

When the trajectory of the vector field X through p € ¥ returns to ¥ (by the first time) after a positive time
t1(p), called X—flight time, we define the half return map associated with X by 7x(p) = ¢x(t1(p),p) = p1 € X.
When the trajectory of Y through p; € ¥ returns to ¥ (by the first time) after a positive time t2(py), called
Y-flight time, we define the half return map associated with Y by 7wy (p1) = ¢y (t2(p1),p1) € X. The first return

map associated with Z = (X,Y) is defined by the composition of these two transition maps, that is,

7z(p) =y o Tx (p) = by (t2(p1), ox (t1(p), p))

or the reverse, applying first the flow of Y and after the flow of X. See Figure 2.

7z(p)

p pr

¢Y(t7p1)

Figure 2: First return map of a discontinuous piecewise differential system.

When the vector fields X and Y associated to Z = (X,Y") have a first integral (see [21]), the solution curves of
the respective differential equations are contained in the level sets of the first integrals. In this scenario the first
return map can be handily computed by seeking for points in ¥ that are on the same level curves of these first

integral functions. In this case we avoid working with flight times.

3. Considerations about the rigid centers

We consider a polynomial differential system in R?, & = P(z,y), ¥ = Q(z,y) of degree n. Assume that it has

a center at the origin of coordinates. Then it is well known, see for instance [10, 22|, that this center is a uniform



isochronous if and only if by doing a linear change of variables and a rescaling of time it can be written as

t=—y+af(r,y), y=z+yf(r,y) (5)

where f(z,y) is a polynomial of degree n — 1 in the variables x and y, and f(0,0) = 0. Counsider system (5). Conti
[10] proved the following result.

Proposition 3.1. Let f(z,y) = Z:.L:—Ol a;z" "1yt be a homogeneous polynomial of degree n — 1. Then the origin

is a uniform isochronous center of system (5) if either n is even, or n is odd and

n—1 27 n—1
Z a; / cos" "1 Psint . dh = Z ailn_i—1,;=0. (6)
i=0 0 i=0

When n is even, Y . ] a; In—i—1,; = 0 always holds, because f(cos(d + 7),sin(f + 7)) = — f(cos6,sin @), where

n—1
f(cosB,sinf) = Z a; cos" "1 hsin’ .

=0

If n odd, from the formulas of sections 2.511 e 2.512 of [23] we get that I,,_;_1,; = 0 when ¢ odd, and consequently,

-1 27
4 _ 27r(n — 2)!
Zai/ cos" "1 hsin® 6db = ag 7711'7(1717) +
0 25 (250)
n—3
: 97m(2k — 1)!1(n — 2k — 2)I!
+Za2k[ . o = 22 L (n=2k=1Y +
(n—1)(n—3)(n—2k+1)2 (=)

*[ P 3)]

where (2p)!! =p(p—2)(p—4)---2and 2p+1)!' = (2p+1)(2p—1)---3-1. Thus, when n is odd, hypothesis (6) is

equivalent to take

s 277 (251! Z“Q (25 — D!(n — 25 — 2)!! (7)
(n—2)N ! ! .
! 24 (o= o201

=1

Gp—1 = —ap —

So in this paper under the conditions of Proposition 3.1 we shall work with rigid centers of the form (2).

We denote by

n—1
Vo) = <y+xzal T W )
=0

the vector field associated to system (2). Equivalently in polar coordinates system (2) writes

r=r" ”Zl a; cos” "L @sin' 0
i=0 (8)
6=1.
System (8) has the first integral
1 « n—i—1 g i
H,(r,0) = Ayt~ ;ai /cos 0 sin’ 0d6. (9)



So in Cartesian coordinates the first integral of system (2) becomes

n—1 T
1 xn—lyl
Hy(z,y) = — - a/i dy.
1-n)(a2+y2)" T = (22 +y2)"

By coupling the two rigid centers (1) and (2) we can consider the piecewise smooth vector field

I (10)
X(z,y), <0,

where X (z,y) = (—y,x). Observe that the switching manifold is the straight line ¥ = h=1(0), where h(z,y) = .
Since the vector fields X and Y,, associated with the piecewise smooth vector field Z = (Y, X) are integrable,
then the solution curves of the respective differential equation are contained in the level sets of their respective first
integrals. Thus the first return map associated with the discontinuous piecewise vector field Z can be computed by
seeking for points in the switching manifold ¥ that are on the same level curves of these first integrals. In this way
for a limit cycle of the discontinuous piecewise differential system associated with Z given by (10) which has two
intersecting points (0,y1) and (0, y2) with the line of discontinuity ¥ = {a = 0}, its coordinates y; and yo must be
an isolated zero of the set of equations

F(Ovyl) :F(O?y2)7 F(T077T/2) :F(ROasﬂ'/z)a
or, in polar coordinates,

Hn(oayl) = Hn(oa y2), Hn<7ﬁ077r/2) = Hn(R0737T/2)7

where (9, 7/2) and (Rg, 37/2) are the respective intersecting points (0,y;) and (0, y2) in polar coordinates. Now,
70 we move towards finding the integral f cos™ "1 9sin’ 0d in order to have a complete characterization of the first

integral H,, which is of paramount importance in this work.

3.1. n odd

We consider that n is odd. Then we have that

n—1
n—1 2
Z a; / cos" "1 Bsin® dO = ay / cos™ 1 0db + Z a1 /cos”fzj 0sin® ! 0do+
i=0 j=1
n;S
+ Z ao; /cos"_l_zj 0sin% 0d6 + a,,_, /sin”f1 0deo.
j=1

By formulas 2.512(2), 2.512(4), 2.512(1), and 2.511(2) of [23] we get

n—3
inf@ 2 -9 —4)... — 2k n—2k—2 ¢ _9)I1g
QO B /COSn71 0do = o COSn729+ Z (n k (2—3 ) n—én n)_ClOS + (:L—l )_1 )
-1 = 2P () (7 k) 25 (2=1))

, , n=2j+lg LR —1)(j —2)--- (j — k) sin¥ 229
_ n—2j g i 2j—1 _ _cos 2j—2 J J
ng_l—/cos 70 sin™ " 0do = — ] [sm] 0+ E 3 =) (1 =2k = 1) ,



Oy, = /Cos"_l_Qj 0sin® 9do

+

—925 1 . . 2 Ok—
:77(10571 il sin?i— 10+]Z 2]_3) (2]—2k+1)sm2J 2y
n— —3)(n—=5)---(n—2k—1)

i (25 — (n - 2§ —2)I10 sinf
(n—1)(n—3) (n—2j+1) |25~ (n=21) " n—1-2;
n— 21 3

n—2]—2)(n—2j—4)

-(n —2j — 2k) cosn2I72k=2 ¢

n2]2+z

(==

o () ()

and

cos n—4)---

—k;)

(n —2k)sin"~2k=2¢ (n—

2)119

n—3
2
sin” 726 + Z (n
k=1

Qo1 = /sin”f1 0df = —

2)(
2 (557) (552

Therefore the first integral H,, given by (9) for n odd can be written as

1
H,(r,0) = A=yt — apfly — Z ag; 19251 — Z a2, o —

In Cartesian coordinates we obtain that H,, can be expressed in the form

CECEN S

(250t

anflﬂnfl-

-1
Hn(l‘,y) = n—1
(n—1)(a? +y2)"z
n—3
a y 4 i pn—2k=2 Hl 1 (n—29) (n — 2)!arctan (y/z)
1 n— n—1
(a2 +y*) i (n—1) <az2+y = 2h(2? +y2) 7 T, ("5 1) 2% (25!
% _pn—2j+1 y2i=2 N Ji Qkyzj—zk—2 Hi;:l(j — i)
- a2;j—1 n—2; j— i=2k— ; B
= @) - @A H @) T I (-2 - 1)
n-3 i . .
> =2 Y21 N R (25— 24 1)
azj 9 o\ n=2] 5 oy 201 2 oy 20=2k—1 A ) +
j=1 (22 +y?) 7 (n—1) \ (22 +y?) "2 i @2+ y?) 2 [[o(n—2i—1)
n—2j—3 )
(2] _ 1)” y xn—Zj—? N 2 xn—2lj—2k—2 Hf:1(n _ 2] _ 22)
I =2i41) \ (@2 +9?)5(n -2 -1) | (@2+¢2)" 5 = 2@+ T [, ()

n—2

(n —2j — 2)larctan y/x Yy

{ @ +9) (n=1)

— 2)larctan (y/x)
2% (151)!

n—2j—1 1
9 =3 (n 25—

Jj

2 n—2k—2 TL—Q’L
X *m“zl& O
2k (22 +y2) 2 Hi:l(T_Z)

k=1

((972 +y?) T

7+
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By considering hypothesis (7) of Conti we have that the arctangent functions will cancel out and, after straightfor-
ward calculations, we get

H, (2.1) 1 1 agyax™? ao = Y72 (2% + y?) T (n — 20)
n\L,Y) = n— - - - . i n— .
($2+92)T] n—1 n-1 n-173 2 [T (%5 — 1)

n—1

el j—1 ok—2 n—2i k ok ..
. Za 2(1 l)xn 2541 N 22: anj_1 (Jz: Qkyzj 2k—2,n—2j+1 (mg +y2) Hi:l(] —z)) .
25— 1 L A
-1 = 1 k=1 [Tizi(n—1-2i)

n=3 . _ .
Y21 gn=2i 4 j 1y2g72k71zn72j (I2+y2)kni?=1(2j,2i+1)
+Za2j — +Z 1 Z k ;
—n Pt L ,(n—1—20)
n—3 . n-3
< - (2j—1)"yx"—21—2 (2% +9?) 2 azj(2j — H!!
= j(n—l—?]) (n—2z—|—1 = n—1—2j)Hl 1(71—22—1—1)
n—25—3 )
yxn—2]—2k—2 (x2+ )]"rkl—[ (n—2]—22) _aoxy"*Q
n—1-2 . —
k=1 QkHz (73 j_l) n—1
B i Y22 (m2+y2)j - 1(”_22)+ 2% (25!
n—l = 20 [T, (%52 =) (n—1)(n -2
0525~ 1)1~ 25— 2 et ) T 2
n 211 7’L22J 1)'1_[ (n_271+1) 2] 11(%*1)

(11)
4. Systems (1) and (2) after an affine change of variables

The discontinuous piecewise vector field (10) has the centers of both smooth vector fields placed at the origin
of coordinates. Now, we give the expression of the differential systems (1) and (2) and their first integrals after the

respective general affine change of variables
(X,Y):(b1$+b2y+d17b3$+b4y+d2), b, € R, dj eR, witht=1,2,3,4and 5 =1, 2, (12)

and

(X,Y) = (12 + coy + My, c3x + cay + Ms), ¢ €R, M; eR, withi=1,2,3,4and j =1,2. (13)

We want to investigate the number of limit cycles of the discontinuous piecewise vector field (10) after these changes
of variables. However after these changes of variables we still want that the centers of each smooth vector field are
rigid.

First we consider system (1) in 2 < 0 after the change of variables (12). The new linear system has a center at
P = (dy,ds). Doing the change of variables (X,Y) = (2 + d1,w + d2) we get
B (b1bs + baby) 2 N (b% + b%) w

babs — b1by bobs — biby’

<b§ - +b421) z (b1b3 + b2b4) w
babs — bibs bobs — bybs




Equivalently in polar coordinates we obtain

. 7 ((bF + b3 — b3 — b3) sin(26) — 2(bsby + babs) cos(26))

r= )
2(babs — b1by)

(b3 + b3) sin® @ + (b1 bs + baby) sin(260) — (b3 + b3) cos® ¢

f=—
bobs — byby
Using polar coordinates we conclude that (14) has a rigid center at the origin if and only if b = by and by = —bs
and (14) writes
Z=—-w W=z

So

X=-Y+d, 7 =docosf — dy sind,

) or, in polar coordinates § (15)

Y =X —d é:r—dQsmG—dlcosﬂ.

r
Observe that a first integral of (15) is

Fi(X,Y) = (X —d1)?+ (Y — dy)? or, in polar coordinates, F(r,6) = (rcos@ — dy)* + (rsin — da)?. (16)

On the other hand we consider in « > 0 system (2) with the affine change of variables (13). The new system has a

center at @ = (M, Ms). Doing the change of variables (X,Y) = (z + My, w + M) we get

(34 c3)w — (cres + cac4) 2

n—1
5= + z (cacs — c1¢4) I=n <Z a; (c3z — crw) i (cow — c42) "_i_1> ,
i=0

CoC3 — C1C4

(17)
(cres + coca) w — (3 +cf) =

n—1
W = +w(cgez — creg) T (Z a; (c3z — crw) * (cow — ¢42) ”i1> ,
i=0

CoC3 — C1C4
or equivalently in polar coordinates

o ((cf + 3 — 3 —cF)sin(20) — 2 (c1c3 + cacq) cos(20) + 2 (cacs — c1e4) 27" - S)
o 26203 — 20104

)

(c18in6 — c3c086)? + (casinf — cq cos ) 2

0=— )
CoC3 — C1C4
where
n—1
S = E a; (c3rcosf — cyrsinf) ? (corsind — cqrcos @) L
i=0

Again using polar coordinates we conclude that this system has a rigid center at the origin if and only if ¢4 = 1

and c3 = —co. Under these conditions system (17) writes

n—1
t=—w+z(ci+c3)'" (Z a; (coz + cyw) * (c12 — cow) ”_i_l> ,
i=0

n—1
w=z+w(f+c3)'" <Z a; (caz + cyw)* (c12 — cow) "i1> ,
i=0

or equivalently
n—1

F=r"(ci+c3) " Z a; (c18in @ + cocos6)’ (cy cosh — cysin(6)) "
i=0

0=1.
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Now if we go back through the change of variables (X,Y) = (z + My, w + M) we get

X=M—Y+(+c3) '™ (X - M) <nz a; (c2 (X = My) + 1 (Y = My)) " (e1 (X = M) — o (Y — My)) 1> ;
=0

(18)

n—1
Y=X-M+(i+c3) (Y - M) (Z a;i(ca (X = M)+ ¢ (Y — M) (c1 (X — My) — 2 (Y — My)) *H’*) .
i=0
Denote by Y, (X,Y) the vector field associated with system (18). Observe that the first integral of system (18) is
the first integral of the original vector field evaluated at the change of variables, that is,

et (X —=M)+ca(My=Y) 1 (Y = M) —co (M — X)
c? + c2 ’ c? + c2

F(X,)Y)=H, (

where H,, is given by (11). Notice that F5(X,Y’) can be written as

o fl(Xay)
REY) =Xy

n—1

where g1(X,Y) = [(X — M1)2 + (Y — M3)?] * and f1(X,Y) = F2(X,Y)g1(X,Y) is a polynomial of degree n— 1.
From equation (16) we have that Fy (X,Y) = (X —d;)?+(Y —dz)? is a first integral of X1 (X,Y) = (=Y + do, X — dy).

So the limit cycles for the discontinuous piecewise vector field

YHX,Y), x>0,
Zi(X,Y) = (19)
XI(X7Y)7 J)SO,

are given by the solutions of the following system of equations

F1(0,90) = F1(0,11), F5(0,y0) = F2(0,y1). (20)

From the first equation of (20) we obtain that y; = —yo + 2da, for every yo,y1 € R with yo # y1. Substituting this
expression into the second equation of (20) we get F5(0,y0) = F2(0, —yo + 2d3), that is,

J1(0,90) 91(0, —=yo + 2d2) — 91(0,%0) f1(0, =yo + 2d2) = 0. (21)

Since n is odd, we get that (n — 1)/2 is an integer and g; is also a polynomial of degree n — 1. Therefore
equation (21) is a polynomial of degree 2(n — 1) and therefore has at most 2(n — 1) zeros. So we conclude that the
discontinuous piecewise differential system Z; can have at most n — 1 limit cycles because if y, is a solution of (21)
then y; = —yo + 2ds is also a solution of (21), and every pair (yo,y1 = —yo + 2d3) can determine a limit cycle.
However, yo = dz is always a solution of (21) so that this solution corresponds to the periodic orbit of X; that is
tangent to the separation line given by the y-axis. Therefore this solution does not correspond to a limit cycle. So,

we can reduce the upper bound to n — 2.

5. Conclusion and Further Directions

In this paper we have studied the upper bound for the maximum number of limit cycles of discontinuous piecewise
differential systems formed by two differential systems separated by the straight line = 0, one of which is a linear
rigid center while the other is a rigid center formed of a linear part with a homogeneous polynomial nonlinear part
of degree n odd. We have proved that they can have at most n — 2 limit cycle. So the extended 16th Hilbert

problem to these class of piecewise differential systems has been solved.
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