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The extension of the 16th Hilbert problem to discontinuous piecewise linear differential systems asks for an
upper bound for the maximum number of crossing limit cycles that such systems can exhibit. The study of this
problem is being very active, especially for discontinuous piecewise linear differential systems defined in two
zones and separated by one straight line. In the case that the differential systems in these zones are formed either
by linear centers or linear Hamiltonian saddles it is known that there are no crossing limit cycles. However it is
also known that the number of crossing limit cycles can change if we change the shape of the discontinuity
curve. In this paper we study themaximum number of crossing limit cycles of discontinuous piecewise differen-
tial systems formed by either linear Hamiltonian saddles or linear centers and separated by a conic which inter-
sect the conic in two points. For this class of discontinuous piecewise differential systemswe solve the extended
16th Hilbert problem.
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1. Introduction and statement of the main results

Poincaré [22,23] was the first in introducing the notion of limit cycle
of a differential system, i.e. a periodic orbit isolated in the set of all peri-
odic orbits of the differential system. After the limit cycles became of
great importance because they model many real world phenomena.
This caused that the study of their existence, their number and their
properties became very active, see for instance [3,5,12,19–21,26,27].

In general the problem of finding the limit cycles of a given class of
differential systems is very difficult, in especial to provide an upper
bound on themaximal number of limit cycles that a given class differen-
tial systems can exhibit. One of these classes is the class of discontinuous
piecewise linear differential systems. Such systemswere studied byfirst
time by Andronov, Vitt and Khaikin in [1], and after their appearance it
became clear that they have many applications in different areas,
modeling real phenomena in a quite accurate way (see for instance [5,
25]). So now there is a great activity in studying these systems.

A discontinuous piecewise differential systemonℝ2 is a pair of Cr (with
r ≥ 1) differential systems inℝ2 separated by a smooth codimension one
manifold Σ. The line of discontinuity Σ of the discontinuous piecewise
differential system is defined by Σ = h−1(0), where h : ℝ2 → ℝ is a

differentiable function having0 as a regular value. Note thatΣ is the sep-
arating boundary of the regions Σ+= {(x,y) ∈ℝ2|h(x,y) > 0} and Σ−=
{(x,y) ∈ ℝ2|h(x,y) < 0}. So the piecewise Cr vector field associated to a
piecewise differential system with line of discontinuity Σ is

Z x, yð Þ ¼ X x, yð Þ, if h x, yð Þ≥0,
Y x, yð Þ, if h x, yð Þ≤0:

�
ð1Þ

As usual the vector field associated to system (1) is denoted by Z=
(X,Y,Σ) or simply by Z=(X,Y), when the separation lineΣ is well under-
stood. In order to establish a definition for the trajectories of Z and in-
vestigate its behavior, we need a criterion for the transition of the
orbits between Σ+ and Σ− across Σ. The contact between the vector
field X (or Y) and the line of discontinuity Σ is characterized by the de-
rivative of h in the direction of the vector field X, i.e.

Xh pð Þ ¼ 〈∇h pð Þ,X pð Þ〉,

where 〈., .〉 is the usual inner product in ℝ2. The basic results of the dis-
continuous piecewise differential systems in this contextwere stated by
Filippov [7]. We can divide the line of discontinuity Σ in the following
sets:

(a) Crossing set: Σc : {p ∈ Σ : Xh(x) ⋅ Yh(x) > 0}.
(b) Escaping set: Σe : {p ∈ Σ : Xh(x) > 0andYh(x) < 0}.
(c) Sliding set: Σs : {p ∈ Σ : Xh(x) < 0andYh(x) > 0}.
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