ON THE LIMIT CYCLES OF THE PIECEWISE DIFFERENTIAL SYSTEMS
FORMED BY A LINEAR FOCUS OR CENTER AND A QUADRATIC WEAK
FOCUS OR CENTER

JAUME LLIBRE! AND TAYEB SALHI?

ABSTRACT. While the limit cycles of the discontinuous piecewise differential systems formed by two
linear differential systems separated by one straight line have been studied intensively, and up to now
there are examples of these systems with at most 3 limit cycles. There are almost no works studying
the limit cycles of the discontinuous piecewise differential systems formed by one linear differential
system and a quadratic polynomial differential system separated by one straight line.

In this paper using the averaging theory up to seven order we prove that the discontinuous
piecewise differential systems formed by a linear focus or center and a quadratic weak focus or center
separated by one straight line can have 8 limit cycles. More precisely, at every order of the averaging
theory from order one to order seven we provide the maximum number of limit cycles that can be
obtained using the averaging theory.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Piecewise differential systems are provided as one of the most remarkable non-smooth dynamical
systems and widely applied in various scientific domains of studies such as engineering, electronics,
and physics [I} 2, 8, 12, 15, 16, 24, 26, 27]. Since the 1930s many books and papers study the
piecewise differential systems, mainly due to their applications to mechanics and electrical circuits,
see for instance [0 [7, 25, 28]. The more studied piecewise differential systems are the continuous and
discontinuous piecewise differential systems separated by a straight-line, see for instance [4}, @ 10, 111
17, (18, [19, 20, 21, 22, 23].

A limit cycle is an isolated periodic orbit in the set of all periodic orbits of a differential system. Limit
cycles play a main role in the qualitative theory of the differential systems, and also in the discontinous
piecewise differential systems. The singular point p € R? is a center of a planar differential system if
there is a neighborhood U of p where all the orbits of U \ {p} are periodic.

Our objective is to study the limit cycles which bifurcate from the periodic orbits of the linear

differential center & = —y, ¥y = x, when we perturb this center by discontinuous piecewise differential
systems separated by the straight line y = 0 and formed by linear differential focus or center
t=ar+By+7, y=—-Pr+ay+o (1)

defined in y > 0, and quadratic weak focus or center at the origin
&= —y—bx? —cxy — dy?®, v =z + ax® + Azy — ay?, (2)
defined in y < 0. For more details on the quadratic weak focus or center see Lemma 8.14 of [5].

Our main result is the following theorem.

Theorem 1. For ¢ # 0 sufficiently small the maximum number of limit cycles of the piecewise dif-
ferential systems obtained perturbing the linear differential center © = —y, y = = by the discontinuous
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piecewise differential system formed by systems and obtained using averaging theory up to seven
order is eight.

Theorem [1]is proved in section |3l We note that in general to study analytically the limit cycles is a
very difficult task, here we do this study using the new theory of averaging for discontinuos piecewise
differential systems developed in [I4], a summary of this theory is given in section 2.

2. THE AVERAGING THEORY UP TO ORDER 7 FOR COMPUTING LIMIT CYCLES

In this section we present the basic results from the averaging theory for computing the periodic
solutions of discontinuous piecewise differential systems that we shall need for proving the main results
of this paper. This improvement of the classical averaging theory for computing limit cycles of planar
discontinuous piecewise differential systems was developed in [I4], a summary of this theory is given
in below. We consider discontinous differential systems of the form

where F*(0,r,¢) = ZLO e'FE(,7) + SR*E(6,7,¢), with § € S' and r € D, where D is an open
interval of R*, and ¢ is a small real parameter.

From [14] we define the following functions y;t (t,r) for k =1,2,3,4,5,6,7 related to system :

yE(s,r) = / FE(t,r)dt,
0

yE(s,7) = / RFE(t, ) + 20FE (¢, r)yE (t,r)dt,
0

ygjf(s,r):/ [6F§E(t,r)+66F2i(t,r)y1i(t,r)
0

+ 302 FE(t, r)yi (t,7)? + 30FE(t, r)yi (t, )] dt,
yE(s,7) = / RAFE(t,r) + 240F5 (1, 1)y (1,7)
0

+ 1202 F5E (¢, )y (t,7)? + 120F5 (, r)yi (¢, 7)
+ 1207 Fy-(t, vy (8, 7)ys (t,7)
+HADP R (t,r)yy (8,r)® + 40F (8, r)yy (8, 7)]dt,
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ygt(s,r) = / [12OF5i(t,r) + 120(9F4i(t,7“)y1i(t,r)
0

+ 6002 F5 (t, )y (t, 1) 4 600F5 (t, )i (t,7)

+ 60(’92F2jE (t, r)yli(t, r)yQi(t, r) + 2083F2jt(t7 r)y (t,r)?

+ 200F5E (t, 1)y (t,1) + 2002 FiE (s, 7)yiE (¢, 7)yi (t,7)

+ 1502 FE(t, m)y5 (t,7)? + 300° F= (¢, r)yi (t,7) w5 (t, 1)
+ 50 FE(t, )y (t, 1) + BOFTE (t,7)ys (¢, 7)]dt,

yg (s,7) = 720 /0 FE (1) + OFE (1 )y (tr) + %a%f(t,r)yf(t, r)?
+ %8F4i(t,r)y2i(t,r) + éang(t, r)y; (t,r) + éaSth(t, r)yi(t,r)?
+ SO EE W s () + S 0FE (i (1)
+ éa%;(t, )Yy (t,r)? + é@zFQiyl(t, )i (t,r)
ORI (P () + 5 0 B by ()’
SO FE (i (1 )y (6,7 + S0 FE (6 i (1) (1, 7)
1208F1 (8, )ys(07) + g0 0,y (0,7 (1)

1
+ ma‘*Fi( i () + SO F (6 )y (tr)ys ()

+ 83F1i (t, 7°)y1i (t, 7“)2y§,IE (t,r)]dt.

Here 0%Fy(s,7) means the k — th partial derivative of the function Fj(s,r) with respect to the
variable 7. Also from [I4] we have the functions

+m
fo) = [ FEen
0
+m
)= [ B+ 0FE (i
0
+7
F) = [ e+ orEenuE)
QP FE( )y (4,7 + SOFE ()i (¢ )t
+m
1
)= [ IEE ) + OB () + 0P FE (i )
0
1 1
QOFS (r)ys (1r) + S0P R ()i (6, (1 7)
+ SOPFE ()i (6,7 + GOFE )y (6t
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2= [+ oRE @
+ %82F3i(t, i (t,r)’ + %8F3i(t, )y (t,r)
+ O () (6 () + SO 0y ()
F SOFF ()i () + GO FYE (s, (6w (1, 7)
4 GOPFE D (1) + JOFE i ()P0 (17)
+ 2—1464Ff(t,r)y1i(t,r)4 + i@Ff(t,r)yff(tm)}dt,
£ = [ 4 OB ) + S EE
+ SOFE (s (67) + SO (L )y (6,7) + S0P R (1 )yt (1)
OB (L (s () + 0P () (1)
+ SOPEE D (1) + S0Py ()i (17)
O () ()5 (6r) + S 0 ) ()
+ O FE () () (1) + T30 F ()i (1) 0 1 7)
o OFE () () + 0 FE 1, i () (1)

120

1 1
+ ﬁoaélFli (t, ’)")yit(t 7,)5 + EaQFli(t7 T)y;: (tv T)yét(tv 7“)

+OPFE (b, )yt (t,r) 25 (¢, )]t
#0)= U ) OB (R ) + JORE L o)
+ %82F5i(t7 r)yi(t,r)? + %8Ff(t7 r)ys(t,7)
SO EE I (67) + GO FE ()i ()
+ 5 OB (L (1) + GOPEE Dy (4 )i (1)

1 1
O E ()i (8) 3 () + 0" F5 (8 )i (8, r)!

4
1 1

+ QO F ()3 () + 1 OF5 (8, )3 (8.7)
1

1
+ g O F (6 )y (6 )i () + 50 F (6 1)y (6 0) 5 (4 7)

1 1
+ GO s (6 m)yr (tr)ya (6 0) + 50 F (6wt (6 7) s (4 7)

1 1
SO FE () (4 7)° + 0P FE () (6 )y (1, 7)
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1 + + 1 + + +

g OFT (6r)ye (87) + 5 Fi (6 )y (6. r)ys (2, 7)
1 1

+ g L)y ()i (6 ) + 20 FE (6 r)ys (6 r)yr (47)

1 f 1
b () L) + SO (L
1 1
+ @35175:(75,T)yf(f,r)“y?(tﬂ’) + T634Ff(t,r)yf(t, r)?yy (1)
1 1
+ g F (b r)yy (6) + SO (6 )yt (67 (1 r)ys (1)

1
+5§%ﬂmmt

The function fi(r) = fF(r) — fi (r) is called the averaged function of order k. If fy(r) = 0 for
¢ e {1,...,6} but frri1(r) £ 0, then the simple positive real roots of the functions f,y1(r) provide
limit cycles of the piecewise differential system .

3. PROOF OF THEOREM [1]

Consider the linear center we shall study which periodic orbits of this center become limit cycles
when we perturb the center inside the discontinuous piecewise differential systems formed by systems
and , i.e. in y > 0 we have the differential system

T =—y+ar+By+7,
y:m_ﬁx—'_ay—i_év

and in y < 0 we have the differential system
i = —y—bx? — cwy — dy?,
¥ =2x+ax® + Azy — ay?,
where
a =ai1€ + a2€2 + a353 + a4€4 + a5€5 + a6€6 + a757,
b =bie + boe? + bye® + bye + bse® + bge® + bre”,
c =C1€ + 6262 + (3353 + 0454 + 6565 + c656 + 0757,
d =die + doe® + dse® + due* + dse® + dge® + dre”,
A =Are + Ao + Age® 4+ Aye + Ase® + Age® + A7e7,
o =o€ + a262 + 04353 + 04454 + a555 + a656 + a757,
B =—1+ Bie+ Boc® + B3 + Bac + B5e” + Boc® + Bre’,
vy =71€ + 7252 + 7353 + 46t + v56° + 468 + ’7767, and
8 =616 + 0262 + 036> + G4t + 056° + G’ + 677

We have developed the parameters of the differential systems until seven order in ¢, because then each
parameter can contribute in all the averaged functions until order seven, otherwise the results obtained
will be more poor with respect to the number of limit cycles that the piecewise differential systems
here studied can exhibit. Moreover in the expression of 5 the —1 is there because we want that when
€ = 0 the linear differential system has a center.

After we write the discontinuous piecewise differential system in polar coordinates (7'”,9), where
2 = rcos(f) and y = rsin(f). Then we take as independent variable the angle 6, and the system (7, 6)
becomes the differential equation dr/df. By doing a Taylor expansion truncated at 7-th order in &
we obtain an expression for dr/df written as the one of the differential system . In short we have
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written our discontinuous piecewise differential system formed by systems and in the normal
form for applying the averaging theory. We give only the expression of functions Fii (r,0) for
1 =1,...,3. The explicit expressions of Fii(r, ) for i = 4,5,6,7 are quite large so we omit them, but
they can be obtained easily using an algebraic manipulator as mathematica or mapple,
FiF(r,0) =71 cos(6) + 81 sin(0) + aqr,
Fy(r,0) = —r* ((c1 — a1) sin(0) cos®(0) + ay sin®(0) + (d1 — A1) sin®(6) cos() + by cos®(0))
FF(r,0) = (—27101 cos(20) + 7 sin(20) — 67 sin(20) + 2a1 B17% + 2001 + 204717 sin(6)
—2a1 617 cos(0) + 281717 cos(0) + 261617 sin(0) + 2o cos(6) + 2027 sin(h)) /(2r),
1 1 3 1 5
Fy(r,0) =— 3 sin(20)air® — 3 sin(60)air® — 3 sin(20) A3r® + 3 sin(60) A3r® + 3 sin(20)b3r>
1 1 3 1 )
+ 3 sin(40)br® + D) sin(60)b3r> + 3 sin(20)cir® — 3 sin(66)cir® 4 3 sin(20)d3r3
1 1 1 1 1
~3 sin(40)d3r3 + 3 sin(66)d3r® — 3 cos(20)ay A3 + 3 cos(66)a; A7 + Zalblr?’
3 1 1 1
+ 3 cos(20)a by + 1 cos(40)a1byr> + 3 cos(60)arbyr> + 6 sin(20)A1byr?
1 1 1 1
+ 3 sin(40)A1byr® + 6 sin(66) A by + 3 sin(20)aycir® + 3 sin(60)aycir?
1 . 1 - 1 - 1 - 1 .
+ 16 (303(2(9)/11c17"3 ~ 16 cos(69)Alclr‘3 + gblclr‘3 + 16 cos(29)blclr3 ~3 (:05(49)1)1017"3
1 . 1 1 1
~ 16 cos(()’@)blclr‘3 + Zaldlrs — gcos(QG)aldlrg’ + 1 Cos(40)a1d1r3 ~3 cos(60)a1d1r3
1 1 1
16 sin(20)Aydyr® + 3 sin(40) Aydyr® — 6 sin(60) Ay dyr® + % sin(20)by dyr3
1 1 1 1 1
~ 16 sin(60)b1d1r3 + §01d1r3 ~ 16 cos(29)cld1r3 ~3 cos(40)cld1r3 + 16 cos(60)cld1r3
1 1 1 1 3
~3 sin(f)agr? + 3 sin(30)agr? + 1 cos(6) Agr? — 1 cos(30) Agr? — 1 cos(6)byr?

1 1 1 1 1
~ 3 cos(360)byr? — I sin(#)cor? — 1 sin(36)cor?® — i cos(0)dor® + I cos(36)dyr?,

Fif (r, 6) = cos(8) + (72 cos(8) + 2 sin(f) + agr)r('yl sin(f) — 61 cos(8) + pir) +aur
+ 83 sin(0) + (71 cos(0) + 81 sin(0) + asr) (77 sin®(0) + 67 cos®(0) + (BE + B2) r?
—cos(0) (27101 sin(0) + r (26161 + 62)) + 7 (28171 + 72) sin(0))) /72,
Fy (r,0) =r* (r (= (a1 — c1) sin?(0) cos(8) + ay cos®(0) + (A; + by) sin(6) cos?(6)
+dy sin®(0)) (— (a2 — c2) sin(6) cos®(8) + az sin®(0) — (Az — do) sin®(6) cos(8) + ba cos®())
— 7 (= (a1 — e1) sin(0) cos?() + ay sin®(0) — (41 — dy) sin®(0) cos() + by cos®(6))
(r (= (a1 — c1) sin®() cos(8) + a1 cos®(0) + (A1 + by) sin(6) cos*(0) + d; sin®(0)) ?
— ay cos®(0) + ag sin?(0) cos(0) + Ay (—sin(f)) cos®(0) — by sin() cos?(0) — co sin?(6) cos(6)
—dysin®(0)) + (as — c3) sin(6) cos®(0) — ag sin®(0) + (A3 — d3) sin®(0) cos(d) — bs cos®(6)) .

Now we compute the averaged function f;(r) defined in section [2| and for i = 1 we get

2
filr) == (a1 + cl)r2 4+ maqr + 20;.
3
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So the polynomial fi(r) can have at most two positive real roots 1 and ry, which provide two limit
cycles for the discontinuous piecewise differential system (1)-(2) when ¢ is sufficiently small. These
limit cycles tend to the circular periodic orbits of radius r; and ro of the linear differential center
= —y,y =x when € — 0.

In order to apply the averaging theory of second order we need that f1(r) = 0. In order to eliminate
the coeflicients of this polynomial we must take ¢; = —a;, a3 = 0 and §; = 0. Computing the function
f2(r) we obtain

2
fa(r) = Za (by +d1)r® + = (ag + c2) 2 + Tagr + 20,.
8 3

This polynomial can have at most three positive real roots, and consequently the averaging theory up
to order 2 can provide at most three limit cycles for the discontinuous piecewise differential system
(1)-(2) when ¢ is sufficiently small, which again when ¢ — 0 they will tend to the circular periodic
orbits of the linear differential center & = —y, y = x of radius the roots of the polynomial fo(r).

In order to apply the averaging theory of third order we need to have f5(r) = 0, for that we must
take co = —ag, s = 0 and d2 = 0 in order to eliminate the coefficients of 72, r and the constant term.
For the coefficient of 3 we have two cases by = —d; or a; = 0. Therefore we start with the first case
by = —d;.

Case 1: by = —d; and a; # 0. Computing the function f3(r) we obtain

2 2
f3(7‘) = galb%’ﬁl + %al (bg + dg) rs + g (CL3 + 03) r? + masr + 203.

Then the polynomial f3(r) can have at most four positive real roots, and therefore provide when ¢ is
sufficiently small at most four limit cycles for the discontinuous piecewise differential system (1)-(2).

In order to apply the averaging theory of fourth order we need that f3(r) = 0. So we must take
b1 = 07 d2 = —b27 C3 = —asz, 0z = 0 and (53 =0.

Then computing the function f4(r) we get

2
fa(r) = gal (bs +d3)r® + 3 (ag + cq) 72 + moyr + 264.

So the polynomial f4(r) can have at most three positive real roots, and produce at most three limit
cycles for the discontinuous piecewise differential system (1)-(2) when ¢ is suffiiciently small.

In order to apply the averaging theory of fifth order we need that f4(r) =0, for that we must take
d3 = —b3, c4 = —ay, oy =0 and 64 = 0.

Computing the function f5(r) we obtain
2 2
fs5(r) = ga1b§7"4 + %01 (by +dy)r® + 3 (as + c5) 2 + masT + 205.

So the polynomial f5(r) can have at most four positive real roots, and consequently the discontinuous
piecewise differential system (1)-(2) can have at most four limit cycles for e sufficiently small.

In order to apply the averaging theory of sixth order we need that f5(r) = 0, therefore it is necessary
to take

bQZO, d4:—b4, C; = —as, a5:Oand (55:0.

Computing the function fg(r) we get

2
fo(r) = %al (bs + ds) r® + 3 (ag + cg) 72 + T + 206

This polynomial can have at most three positive real roots.



LINEAR FOCUS AND QUADRATIC WEAK FOCUS OR CENTER 8

In order to apply the averaging theory of seventh order we must have fs(r) = 0. So in order to
eliminate the coefficients of fs(r) we must take

d5 = —b5, Ce = —Qg, O = 0, and 56 =0.
Computing the function fr(r) we get
fr(r) = Ar® 4 Br7 4+ Cr® + Dr® 4 2a1b3r* + tmay (bs + do) ® + 2 (a7 + ¢7) r? + morr + 267,

such that
128a} (—57258a3 A% + 904365a] — 210418A1)

A=—
5892561675 ’
(46793745 Ay — 733185a0a1 A1 — 8371847 AT Ay — 232218aga3 AT 4 38501 AT Ay — 38502 A7) T
B 39813120 ’
64
C= — 15913305 (—8811af A1bs + 120a1 A3bs + 4824a3 A3 — 1080a3 Ay Az + 10824aza? A

—25608&2&%141142 — 144&%@114% — 720@114%14% — 3280&114:1)’143 + 3280@314‘11 + 720@214‘;’142
+10962aza} — 23544a%a:{’) ,

D = (1820a;A; Azbs — 336a; Aby — 770a2ATbs — 504a3 Ay + 504asai Ay — 1365a3a3 Az + 504as A3
+1575a2a%A3 + 210a1A§ — 210asasa1 A1 + 2100,%(11142 +210a1 A1 A3 A3 — 504G1A%A4
—210a2A1A§ — 210a§A1 — 1575&314?142 + 1365&2A%A3 — 144a:fb4 + 450a2a%b3) 7/69120.

This polynomial can have at most eight positive real roots.

Now we continue the computations just after fo(r) taking the second case aq = 0.

Case 2: a; = 0. Computing the function f5(r) we obtain
m 3, 2 2
f3(’f’) = §a2 (b1 + dl) r° + g (CL3 + 03) rT+ T3 + 2(53
This polynomial can have at most three positive real roots. In order to apply the averaging theory of
fourth order we must have f3(r) = 0. So we must take c3 = —a3, as = 0, d3 = 0, and in order to
eliminate the coefficient of r3 in f3 we must take d; = —b; or as = 0. Then there are two subcases.

Subcase 2.1: dy = —b; and ay # 0. Computing f4(r) we get

2 s 2
fa(r) = 5a2bf7ﬂ4 + 3% (by +do) 13 + 3 (ag + ca) 72 + moyr + 264.
This polynomial can have at most four positive real roots. In order to apply the averaging theory of fifth
order we must have fy(r) = 0. Therefore we need to by =0, ¢4 = —ay4, da = —ba, gy =0 and d4 = 0.

Computing f5(r) we get
2
f5(r) = gag (bg 4 d3) 13 + 3 (a5 + c5) 72 + masT + 265,

This polynomial can have at most three positive real roots. In order to apply the averaging theory
of sixth order we must have f5(r) = 0. So we must take d3 = —bs, ¢5 = —as, as = 0 and d5 = 0.
Computing fs(r) we get

2 2
fo(r) = fa2b§r4 + zag (by +dy) rd 4+ 3 (ag + c) r? + Tagr + 206.

5 8
This polynomial can have at most five positive real roots. In order to apply the averaging theory
of seventh order we need to have fg(r) = 0. So we must take by = 0, dy = —by, ¢ = —dg, ag =

0 and dg = 0. Computing f7(r) we have

A° 102443 (41as A A 2
_ TTmaxAy - 10 1 (4laz Ay + 9az 2)r6+Er5+za2 (bs + ds) 3+ = (a7 + ¢7) r+mamr+207,

1) = <5621 " 3648645 8 3
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such that

E— 77TA1 (—110@2A1b3 — 30@2A% + 195&2A1A3 + 720/414% — 225G3A1A2 - 30&%) .
69120

This polynomial can have at most six positive real roots by the Descartes Theorem, which states:
Consider the real polynomial p(z) = a;,x™ + a;, 2" + -+ + a;, 2" with 0 < iy < iy < -+ < i, and
a;; # 0 real constants for j € {1,2,---,r}. When a;;a;;,, < 0 we say that a;; and a;,,, have a
variation of sign. If the number of variations of signs is m, then p(x) has at most m positive real
roots. Moreover it is always possible to choose the coefficients of p(z) in such a way that p(z) has
exactly r — 1 positive real roots. For a proof see [3].

Now we start the computations from f5(r) just before the Subcase 2.1 taking the second subcase
as = 0.

Subcase 2.2: ay = 0. Therefore we take ay =0, ¢3 = —a3, az =0 and d3 = 0; which give f3(r) = 0.
Now computing f4(r) we get

2
fa(r) = Zas (b1 +dp)r® + 3 (ag + c4) 72 + moyr + 264.

8
This polynomial can have at most three positive real roots. In order to apply the averaging theory of
fifth order we must have f4(r) = 0. So we need ¢4 = —ay4, ag =0, 04 = 0, and in order to eliminate
the coefficient of 7% we need to have d; = —b; or as = 0. Here also we have two subcases.

Subcase 2.2.1: dy = —b; and a3 # 0. Computing f5(r) we get

2 2
fs(r) = Zasbir* + zCl3(bz +do)r® + = (a5 + ¢5) 72 4 Tasr + 265.

5 8 3
This polynomial can have at most four positive real roots. In order to apply the averaging theory of
sixth order we should have f5(r) = 0. So we need by =0, dy = —ba, ¢5 = —as, a5 =0 and d5 = 0.

Now we compute fs(r) and we obtain

2
fo(r) = Eas (bs +d3) 1 + 3 (ag + cg) 72 + magr + 266.

8
This polynomial can have at most three positive real roots. In order to apply the averaging theory of
seventh order we must have fs(r) = 0. So we must take d3 = —bs, ¢g = —ag, ag = 0 and dg = 0.

Computing f7(r) we get

. 41984a3 A% 6 | TmA%(72a4A1—225a3A2+170a3b2) 5 |, 2 124 | =« 3
fa(r) = 3648645 r+ 69120 r° + sasbyrt + Fag (ba +dy) 7

+% (ar +c¢7) r2 + Tarr + 267.

This polynomial can have at most six positive real roots.

Subcase 2.2.2: a3 = 0. Hence we return to the fourth order and we take ¢4 = —ay4, a4 =0, §4 = 0,
which give f4(r) = 0. Computing f5(r) we get

2
f5(7‘) = ga4(b1 + dl)TB —+ g(ag, —+ 65)7'2 —+ TasT —+ 265

This polynomial can have at most three positive real roots. In order to apply the averaging theory
of sixth order we must have f5(r) = 0. So we must take ¢c5 = —as, a5 = 0, d5 = 0, and in order to
eliminate the coefficient of r3 we have two subcases d; = —b; or a4 = 0.
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Subcase 2.2.2.1: d; = —b; and a4 # 0. Computing fs(r) in this case we get

2 2
fg(r) = 7a4d?7‘4 + ga4(b2 + dg)r?) + g(GG + 66)7'2 + TagT + 256

5
This polynomial can have at most four positive real roots. In order to apply the averaging theory of
seventh order we must have fg(rr) = 0. So we must take dy = 0, dy = —ba, ¢ = —ag, ag =0, and d =
0. Computing f7(r) we get
T

2
fa(r) = 960 as A3r® + %CM (bg +d3) 7 + 3 (a7 4 c7)r? + magr + 207

This polynomial can have at most four positive real roots by the Descartes Theorem.

Subcase 2.2.2.2: a4 # 0. We return to the fifth order and we take ay =0, ¢5 = —as, a5 =0, 5 =0,
which give f5(r) = 0. Computing f(r) we get

2
fo(r) = _ECS(bl +di)r® + §(a6 + c6)r* 4 Tagr + 256.

8
This polynomial can have at most three positive real roots. In order to apply the averaging theory of
seventh order we must have fg(r) = 0. So we must take ¢g = —ag, ag = 0, d¢ = 0, and in order to
eliminate the coefficient of 3 here also we have two cases d; = —b; or ¢5 = 0. For d; = —b; computing

f7(r) we obtain
20 4 T 3, 2 2
fz(r) = —gb1057” g% (be +do)r” + 3 (a7 + ¢7) r° 4+ magr + 207
This polynomial can have at most four positive real roots. Computing f7(r) in the case ¢5 = 0 we get
2
fz(r) = fgc(;(bl +dy)r3 + g(a7 + c7)r? 4+ mar + 267

This polynomial can have at most three positive real roots.

In summary, in all the previous cases the polynomials f;(r) can have at most 2, 3, 4, 6 and 8 real
positive roots. Hence the maximum number of limit cycles that we can obtain using the averaging
theory up to seven order is eight. This completes the proof of Theorem 1.
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