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ABSTRACT. We classify the phase portraits in the Poincaré disc of the differential equations of
the form ' = —y +axy™ ', y = x + byz" ! and n > 2. This system is a certain generalization
of the classical Liénard system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The Liénard equation given by
Z+ f(z)d +g(z) =0,

or equivalently the Liénard system

(1) t=y, y=-—gl@)—yf(z),

where f(x) and g(z) are analytic functions appears in many applications and it is probably one
of the most studied model, see for instance [14, 26|. For this model there are many results on the
existence and uniqueness of periodic orbits as well as lower bounds on the maximum number of
bifurcating limit cycles (see 2, 3, 5, 7, 9, 11, 13, 16, 20, 21, 22, 23, 26, 27, 28, 29] and the references
therein). Due to its importance several generalizations of Liénard equations have been proposed
and different dynamical aspects have been studied. See [6, 4, 8, 10, 15, 19, 25|, to cite just a few.

In this paper we consider the following generalization of the classical Liénard system (1)

n—1 n—1

(2) t=-y+axy" ", y=x+bys" ",

with n > 1 and a,b € R not simultaneously 0. Without loss of generality we can assume that
a # 0 since otherwise making the change of variables (z,y) = (Y, —X) we can always achieve it,
so system (2) becomes

(3) i=—y+ary" ", §=z+bya"",
with a € R\ {0} and b € R. With the change of variables and parameterization of time
X =adY" Vg, y=0o/ Ny T4
if either @ > 0 or a < 0 and n is even, or
X=—(—a)V" Vg, v =(—a)/" Dy, T=—t
if a < 0 and n is odd, we transform system (3) into system
(4) ¢ =—y+ay"l, Y =z+ayzs™ !,

where o € R, the prime means derivative with respect to the new time T and where we have
renamed the new variables(X,Y') as the old ones (x,y) and the new time 7" as the old one ¢.

When a = 1 system (4) is a particular case of the generalization of the Liénard system studied
in [17]. In that paper it is proved when a = 1 that the origin of (4) is a center if and only if n is
even. Later on in [18] the authors proved that when n is odd system (4) has a center at the origin
if and only if & = —1 and that when n = 2 system (4) has a center at the origin for all o € R.
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