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We consider analytical vector fields X in R3 having a singular point
p such that DX (p) has two zero eigenvalues and one real eigenvalue
λ 6= 0 and the rank of DX (p) is 2. The differential system associated
to these vector fields can always be written, by an affine change of
variables, in the form:

ẋ = y + P(x , y , z),
ẏ = Q(x , y , z),
ż = −λz + R(x , y , z),

(1)

where P,Q,R are analytic and j1P(0) = j1Q(0) = j1R(0) = 0.
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By the Center Manifold Theorem, for every r > 1, there exists a
bidimensional C r -manifold invariant by system (1) tangent to the
xy -plane at the origin (see [10, 12]).

The restriction of system (1) to a center manifold is a bidimensional
system that can be written in the form

ẋ = y + P(x , y),
ẏ = Q(x , y),

(2)

where j1P(0) = j1Q(0) = 0. Since the restricted system has a
nilpotent singular point at the origin, we say that the origin of system
(1) is a nilpotent singular point.
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In the plane, nilpotent singular points are widely studied in the
literature [1, 5, 9]. One of the most important problems in the
study of these types of singularities is the so-called Nilpotent Center
Problem [1, 14] which consists of distinguishing whether the origin
of (2) is a center or not.

Our goal in this work is to study the Nilpotent Center Problem for
three-dimensional system (1), i.e., to determine conditions for the
origin to be a nilpotent center on a center manifold.

Lucas Queiroz Arakaki

Detecting nilpotent centers on center manifolds of three-dimensional systems 4 / 41



Intro Monodromy Normal Form Integrability IJM Limits Examples Final

As far as we know, this is a barely explored problem in the litera-
ture. The only two works on this subject [13, 15] study particular
families of system (1) by restricting the system to a polynomial
approximation of the center manifold.

We seek to study the nilpotent center problem without going through
the restriction of the system to a center manifold.
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The Monodromy Problem

Theorem 1 (C r -Andreev’s Theorem)

Let X be the vector field associated to the C r -system, r > 3, given by

ẋ = y + X2(x , y), ẏ = Y2(x , y), (3)

where X2,Y2 ∈ C r , j1X2(0) = j1Y2(0) = 0 and such that the origin is an
isolated singular point. Let y = F (x) be the solution of the equation
y + X2(x , y) = 0 through (0, 0) and consider f (x) = Y2(x ,F (x)) and
Φ(x) = divX |(x,F (x)). We can write

f (x) = axα + O(xα+1), Φ(x) = bxβ + O(xβ+1).

for α < r . Suppose that a 6= 0, then the origin is monodromic if and only
if a < 0, α = 2n − 1 and one of the following conditions holds:

i) β > n − 1 or j r Φ(0) ≡ 0; ii) β = n − 1 and b2 + 4an < 0.
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The positive integer n in the statement of Theorem 1 plays an
important role in the study of nilpotent monodromic singular points.
So we define the Andreev number of a nilpotent singular point by
the number n in function f (x) = ax2n−1 + O(x2n) described in
Theorem 1.

In [7] the author proves that the Andreev number is invariant by
analytical and formal orbital equivalence, i.e. via analytical and
formal diffeomorphisms and time rescalings.
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Consider the following representation of analytic system (1):

ẋ = y +
∑

j+k+l>2

ajkl x
j y k z l ,

ẏ =
∑

j+k+l>2

bjkl x
j y k z l ,

ż = −λz +
∑

j+k+l>2

cjkl x
j y k z l .

(4)

Proposition 2.1

The origin is a nilpotent monodromic singular point with Andreev
number 2 on a center manifold of system (4) if and only if b200 = 0 and

b101c200

λ
< − (2a200 − b110)2

8
− b300. (5)

Moreover, if 2a200 + b110 6= 0, the restricted system satisfies the
monodromy condition β = n − 1 in Theorem 1.
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We highlight the singular points with Andreev number 2 since, in
the plane, there are interesting tools to study the Center Problem
that only hold for this case.

For instance, in [7], the inverse integrating factor method is presen-
ted which consists in finding a formal inverse integrating factor for
such systems.
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We now prove some results for planar C r -systems which are useful
for the Nilpotent Center Problem in R3.

Proposition 2.2

Consider a C r -system (2). Let n be a positive integer such that
2n − 1 < r . The origin is a monodromic isolated singular point
with Andreev number n if and only if there exists a local analytical
change of variables that transforms (2) into the following form

ẋ = y + µxn +
∑

i+nj>n+1

ãij x
i y j + O(‖x , y‖r ),

ẏ = −nx2n−1 + nµxn−1y +
∑

i+nj>2n

b̃ij x
i y j + O(‖x , y‖r ).

(6)
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Proposition 2.3

For system (6) with monodromic nilpotent singular points having
Andreev number n, the first non-zero focal value is the coefficient
of a power of ρ0 whose parity is the same as the parity of n.

Theorem 2

Suppose that the C r system (2) has nilpotent monodromic singular
point with odd Andreev number n. If the system satisfies the
monodromy condition β = n − 1 then the origin is a nilpotent
focus.
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Using the definition of quasi-homogeneous maps and the expansion
of formal functions in quasi-homogeneous terms, we were able to
obtain the following result.

Proposition 2.4

For C r system (2) having an isolated monodromic nilpotent
singular point at the origin, with Andreev number n such that
2n − 1 < r , the monodromy conditions (i) and (ii) in Theorem 1
are invariant by local diffeomorphisms.
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Normal Form

An important step in the study of vector fields having nilpotent
singular points is to find normal forms for its associated differential
system.

The following theorem, which is proven in [2] gives us a starting
point.
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Theorem 3 (Belitskii Normal Form)

Consider a formal system of differential equations of form

ẋ = Ax + X (x),

where x ∈ Rn, A ∈ Mn(R) and j1X (0) = 0. Then there exists a
germ at 0 of diffeomorphism x→ x + ϕ(x), j1ϕ(0) = 0, that
transforms the above system into the following:

ẋ = Ax + f (x),

where j1f (0) = 0 and

At f (x)− df (x)Atx = 0. (7)
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Theorem 4 (Nilpotent Normal Form in R3)

For system (1) having a nilpotent singular point at the origin, there
exist a formal change of variables that transforms it into the formal
normal form

ẋ = y + xP1(x),
ẏ = Q2(x) + yP1(x),
ż = −λz + zR1(x).

(8)

for which P1(0) = j1Q2(0) = R1(0) = 0.

We were not able to prove that the normal form (8) is analytic, i.e.
that the series P1,Q2 and R1 are convergent. That does not mean
that this normal form is not useful. We remark that the above normal
form has z = 0 as an invariant surface which is a center manifold
and the first two components are decoupled from the third.
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ẏ = Q2(x) + yP1(x),
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The Belitskii normal form for planar systems (2) having a nilpotent
singular point is

ẋ = y + xP1(x),
ẏ = Q2(x) + yP1(x),

(9)

where j1Q2(0) = P1(0) = 0 (see Theorem 1.8.6, page 37 in [16]),
which is very similar to its three-dimensional counterpart. From this
form it is possible to arrive at the Liénard Canonical Form

ẋ = −y ,
ẏ = Q2(x) + yP1(x),

(10)

where j1Q2(0) = P1(0) = 0. In [14] it is proven that this form is
actually analytic.
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First Integrals and Nilpotent singular points

It is well-known that the center problem for systems having a Hopf
singularity is equivalent to the existence of a first integral at the
point [3, 6, 11]. In this section we search for some link between
integrability and nilpotent centers on center manifolds.

Definição 4.1

Let X be a vector field defined on an open set U ⊂ Rk and
H : U ⊂ Rk → R be a C 1-function not locally constant. If H
satisfies

XH ≡ 0,

then H is a first integral for X and in this case X is integrable.
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Our first result regarding first integrals and nilpotent singular points
is the following:

Theorem 5

Consider a vector field X associated to system (1) having a
nilpotent singular point. Then there exists a formal series
H(x , y , z) = y 2 +

∑
n>3 Hn(x , y , z) such that XH =

∑
n>4 ωnxn.
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Lema 4.1

If H is a formal first integral for the normal form (8), then
∂H

∂z
≡ 0, that is H = H(x , y).

This lemma lets us conclude that formal integrability of the normal
form (8) is essentially formal integrability of the planar normal form
(9). Hence, we proceed to study the integrability of the formal
system (9).
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One of the consequences of Lemma 4.1 is that if system (1) is
formally integrable, then it has a formal first integral H such that
j2H(0) = y 2.

Therefore, the quantities ωn in Theorem 5 present obstructions for
the system (1) to be analytically or formally integrable.

For integrable systems, the monodromic singular point must be a
center, since in this case the restricted system is also integrable.
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However not all nilpotent centers are formally integrable. For ins-
tance, consider the following system:

ẋ = y + x2,
ẏ = −x3,
ż = −λz .

(11)

which has z = 0 as a center manifold and its restriction is a
time-reversible system.

If we try to construct a formal first integral H(x , y , z) for system
we obtatin ω5 = 2.

Note that the obstruction is a coefficient of odd power of x in XH.
If it was an even power, we would not have a nilpotent center, as
the next result holds.

Lucas Queiroz Arakaki

Detecting nilpotent centers on center manifolds of three-dimensional systems 21 / 41



Intro Monodromy Normal Form Integrability IJM Limits Examples Final

However not all nilpotent centers are formally integrable. For ins-
tance, consider the following system:
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Theorem 6

Let X be the vector field associated to system (1) having a
nilpotent singular point and H be a formal series as in Theorem 5.
If there exists n ∈ N such that j2nXH(0) = ω2nx2n with ω2n 6= 0,
then the origin cannot be a center on the center manifold.
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Studying the integrability of the normal form (8) and using Propo-
sition 2.4 we were able to prove the following results.

Theorem 7

Consider system (1) having a monodromic singular point such that
its restriction to a center manifold satisfies monodromy condition
β = n− 1 in Theorem 1. Then it cannot admit formal first integral.

Theorem 8

Suppose that the origin of system (1) is monodromic with odd
Andreev number n and satisfies the monodromy condition
β = n − 1. Then the origin cannot be a center on a center
manifold.
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We also propose a formal normal form for integrable systems (1).

Theorem 9

Consider system (9) having a monodromic singular point. If it
admits formal first integral H(x , y), then either P1(x) ≡ 0 or
m = 2sn − 1 for some s ∈ N.

The same result holds for planar systems and it was proven by a
different method in [9, Theorem 4].
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Inverse Jacobi Multipliers

In [4], the authors explored the relationship between the center pro-
blem for Hopf points and the existence of an inverse Jacobi multi-
plier. Inspired by the ideas from that paper, in this section we study
the properties of inverse Jacobi multipliers applied to system (1),
i.e. for the nilpotent case.

Definição 5.1

Let X be a vector field defined on an open set U ⊂ Rk and
V : U ⊂ Rk → R be a C 1-function not locally null such that

XV − VdivX ≡ 0.

We say that V is an inverse Jacobi multiplier of X .
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Proposition 5.1

Let X be the vector field associated to system (1) having a
nilpotent singular point in R3. Any non-flat C∞ inverse Jacobi
multiplier V (x , y , z) for vector field X has the form
jm+1V (0) = y mz for m > 0 up to multiplication by constant.

Theorem 10

Consider a vector field X associated to system (1) having a
nilpotent singular point. Then there exists a formal series
V (x , y , z) such that XV − VdivX =

∑
n>1 Λnxn−1z.
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Inspired by the Inverse Integrating Factor Method [7] we connect the
results regarding Inverse Jacobi Multipliers and the Nilpotent Center
Problem.

Theorem 11

Consider system (1) having a monodromic singular point with
Andreev number 2 at the origin. If the origin is an analytic
nilpotent center on a center manifold, then there exists a formal
inverse Jacobi multiplier V (x , y , z) for system (1) such that
jm+1V (0) = y mz for m > 0.
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For planar systems, the following results hold

Proposition 5.2

Consider system (2) having monodromic singular point at the
origin with Andreev number n, satisfying monodromy condition
β = n − 1. If there is a formal inverse integrating factor V (x , y)
for (2), then it has the form j2V (0) = y 2.

Proposition 5.3

Consider system (2) having monodromic singular point at the
origin with Andreev number n, satisfying monodromy condition
β > n − 1. If the system admits formal inverse integrating factor
V (x , y), then either V (0, 0) 6= 0 or j2V (0) = y 2.

For the three-dimensional case, any inverse Jacobi multiplier must
have either j1V (0) = z or j3V (0) = zy 2.
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for (2), then it has the form j2V (0) = y 2.

Proposition 5.3

Consider system (2) having monodromic singular point at the
origin with Andreev number n, satisfying monodromy condition
β > n − 1. If the system admits formal inverse integrating factor
V (x , y), then either V (0, 0) 6= 0 or j2V (0) = y 2.

For the three-dimensional case, any inverse Jacobi multiplier must
have either j1V (0) = z or j3V (0) = zy 2.
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Three-dimensional nilpotent centers as limits of
non-degenerate centers

For nilpotent singular points in the plane, the authors of [8] (and
its previous versions) proved that any analytical nilpotent center
can be studied as a limit of non-degenerate centers.

Using this approach the authors were able to use the Poincaré-
Lyapunov algorithm to investigate the nilpotent center problem for
planar systems (2).
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Theorem 12

Suppose the origin of the following system

ẋ = y + P(x , y),
ẏ = Q(x , y),

is a nilpotent center. Then there are two functions F1(x , y), F2(x , y)
analytical at the origin with j1F1(0) = j1F2(0) = 0 such that the
1-parameter family

ẋ = y + P(x , y) + εF1(x , y),
ẏ = −εx + Q(x , y) + εF2(x , y).

has a non-degenerate center at the origin for any ε > 0. Also there is an
analytic function f (x , y) at the origin with j1f (0) = 0 such that

(x − F1(x , y))
∂f

∂y
= F2(x , y)(1 +

∂f

∂x
).
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Theorem 13

Suppose the origin of the following system

ẋ = y + P(x , y , z),
ẏ = Q(x , y , z),
ż = −λz + R(x , y , z),

(12)

is a nilpotent center on an analytical center manifold. Then there are two
functions F1(x , y), F2(x , y) analytical at the origin with
j1F1(0) = j1F2(0) = 0 such that the 1-parameter family

ẋ = y + P(x , y , z) + εF1(x , y),
ẏ = −εx + Q(x , y , z) + εF2(x , y),
ż = −λz + R(x , y , z).

(13)

has a non-degenerate center at the origin for any ε > 0. Also there is an
analytic function f (x , y) at the origin with j1f (0) = 0 such that

(x − F1(x , y))
∂f

∂y
= F2(x , y)(1 +

∂f

∂x
).
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Examples

The Generalized Lorenz system is one of the most studied three-
dimensional systems in the literature since its dynamics are very
rich.

ẋ = a(y − x),
ẏ = bx + cy − xz ,
ż = dz + xy .

(14)

with ad 6= 0. The origin is a nilpotent singular point for b + c = 0
and c = a.
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By means of the coordinate change x̄ = y , ȳ = a(y − x), z̄ = z ,
dropping the bars, system (14) becomes

ẋ = y − xz + 1
a yz ,

ẏ = −axz + yz ,
ż = dz + x2 − 1

a xy .
(15)

Theorem 6 is powerful enough to solve the Nilpotent Center Problem
for the above system. We compute the quantities ωn (Theorem 5)
for system (15) and obtain the first non-zero one:

ω6 = −2 a (2 a + d)

3d3
.
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For d = −2a, the function V (x , y , z) = x2− 2xy
a + y2

a2 − 2az defines
a center manifold for system (15). The restriction of the system to
this center manifold is given by

ẋ = y − xz +
y

2a2

(
x − y

a

)2
,

ẏ = −axz +
y

2a

(
x − y

a

)2
,

which is a Hamiltonian system with Hamiltonian function H(x , y) =

y 2 + x4

4 −
x3y

a + 3x2y2

2a2 − xy3

a3 + y4

4a4 .
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The following system was first considered in [13].

ẋ = y − 2xy + axz ,
ẏ = −2x3 + y 2 + byz ,
ż = −z + dxy .

(16)

By Proposition 2.1, the origin of (16) is monodromic with Andreev
number n = 2 and satisfies the monodromy condition β > n − 1.
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We compute the Lyapunov quantities of the perturbation (13) for
system (16). We have:

η1 = −4ε2d(a− b)

12ε+ 3
.

By Theorem 13, d(a− b) = 0 is a necessary condition for the origin
to be an analytic nilpotent center.
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Now we search for obstructions for system (16) to have a formal in-
verse Jacobi multiplier. We consider both possibilities of V (x , y , z).
First, if j1V (0) = z . We have Λ1 = · · · = Λ4 = 0 and:

Λ5 = −4d (2a− b), Λ6 = −a d .

Now for j3V (0) = zy 2, we obtain Λ1 = · · · = Λ8 = 0 and:

Λ9 = −12 d (2 a− b)

5
, Λ10 = −2 d (9 a− 2 b)

15
.

Thus, by Theorem 11, the conditions a = b = 0 or d = 0 are
necessary for the origin to be an analytic nilpotent center on a center
manifold.
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Under d = 0 or a = b = 0, the restricted system is the Hamiltonian
system given by

ẋ = y − 2xy ,
ẏ = −2x3 + y 2.

(17)

Theorem 14

The origin of system (16) is an analytic nilpotent center on a
center manifold if and only if a = b = 0 or d = 0.
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