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1. Introduction

Sexual transmitted diseases (STDs) are a nice example of the interplay

between epidemic spread and human behaviour

high increase in the number

of cases up to date (2023)

GSDUAB seminar 2



Their dynamics are modelled by means of an Susceptible-Infected-

Susceptible (SIS) epidemic model because there is no immunity after

recovery (medical treatment).

Their time evolution has been linked to that of HIV.

Social perception of the risk linked to STDs changed a lot after the

appearance of the HIV antiretroviral therapy in the mid 80s
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2. SIS models

Basic model:

dS

dt
“ ´βS

I

N
` δI,

dI

dt
“ βS

I

N
´ δI,

with S ` I “ N . β: transmission rate, δ: recovery rate.

incidence rate

With birth and death processes (demographics):

dS

dt
“ B ´ βS

I

N
` δI ´ µS,

dI

dt
“ βS

I

N
´ δI ´ µI,

B: recruitment rate of the population.

µ: natural mortality such that N = const.

ˆ

dN

dt
“ B ´ µN “ 0

˙
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Neglecting the equation for S (because S ` I “ N) and without

demographics, the model reduces to

dI

dt
“ βS

I

N
´ δI “

ˆ

β
S

N
´ δ

˙

I.

At the beginning of the epidemic, S « N :

dI

dt
« pR0 ´ 1q δI ÝÑ

dI

dt
ą 0 iff R0 ą 1

R0 “
β

δ
: basic reproduction number

= mean # of cases directly caused by an infected individual

throughout its infectious period in a fully susceptible popul

1

δ
: mean duration of the infectious period.
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Dividing by N , the equation for the fraction of infected individuals is

di

dt
“

ˆ

β

δ
s´ 1

˙

δ i “ pR0s´ 1q δ i, s` i “ 1.

Re “ R0s: effective reproduction number.

Linearising around the DFE1 ps˚, i˚q “ p1, 0q, it follows

di

dt

ˇ

ˇ

ˇ

ˇ

s“1

“ pR0 ´ 1q δ i ÝÑ iptq « i0 e
pR0´1q δ t.

ãÑ λ “ pR0 ´ 1q δ: the initial epidemic growth rate.

Endemic equilibrium: ps˚, i˚q “

ˆ

1

R0
, 1´

1

R0

˙

ÝÑ R0 ą 1.

The instability of the DFE guarantees the existence of an endemic equil.

1DFE: Disease-Free Equilibrium
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More sophisticated SIS/SIR models

The transmission rate β can be thought as β “ cβ0 where c is the

contact rate and β0 is the per-contact probability of transmission.

The number of contacts can change over time (social distancing) as well

as the transmission probability β0 (prophylactic measures).

Different assumptions on the transmission rate β:

β depends on the population size N : β “ βpNq.

ãÑ Saturation of the number of contacts per unit of time.

β depends on the prevalence of the disease I: β “ βpIq.

ãÑ Introduction of behavioural responses.
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Two examples of incidence rates

Capasso & Serio (1978): SIR model

dS

dt
“ ´gpIqS,

dI

dt
“ gpIqS ´ δI,

dR

dt
“ δI,

pS ` I `R “ Nq
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Ruan & Wang (2003): SIR model with demographics

dS

dt
“ B ´

kI2

1` αI2
S ` vR´ µS,

dI

dt
“

kI2

1` αI2
S ´ pµ` δqI,

dR

dt
“ δI ´ pµ` vqR,

dN

dt
“ B ´ µN, N “ S ` I `R,

v: rate of immunity loss; α ě 0.

Rescaling the equations for I and R, it follows

dX

dθ
“

X2

1` pX2
pA´X ´ Y q ´mX,

dY

dθ
“ qX ´ Y,
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SIS at the level of nodes

Van Mieghem et al.(2009): The N -intertwined SIS model

The equation for the probability piptq for the node i of being infected at

time t under the usual assumption of statistical independence among the

state of its neighbours (ppSi X Ijq “ pSi
¨ pIj “ p1´ piq pj) is given by

dpi
dt
“ β0p1´ piq

N
ÿ

j“1

aijpj ´ δpi

where A “ paijq is the N ˆN adjacency matrix of the contact network,

and β0 is the per-contact transmission rate.

ãÑ Iptq “
řN
i“1 piptq is the mean number of infected nodes at time t.
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If all the nodes have the same number k of neighbours (regular random

network) and pip0q “ p0 ą 0 @ i (the same probability of being infected

at time 0), then the solution of the previous system is piptq “ pptq @ i

with pptq being the solution of

dp

dt
“ kβ0p1´ pqp´ δp

endowed with the initial condition pp0q “ p0.

The mean number of infected nodes at time t is then given by

Iptq “
N
ř

i“1

piptq “ Npptq Ñ iptq “ Iptq{N : fraction of infected nodes
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So, the faction iptq is the solution of

di

dt
“ βp1´ iqi´ δi

with β “ kβ0 is the per-node transmission rate.

Multiplying by N (total number of nodes) we recover the standard SIS

model:
dI

dt
“ βS

I

N
´ δI

with S “ Np1´ iq.

Remark: If we think of k as a contact rate, then β0 is the transmission

probability during an S-I contact.
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3. The SAIS model

In the formulations of the SIS model with β “ βpIq, all the susceptible

individuals become aware of the risk because they have the same β, even

if β is not constant. However this is never the case.

ãÑ Alerted individuals with different level of awareness.

In the original N -intertwined SAIS model, the transitions between states

are

Sahneh et al. (2012)

Yi: number of infected neighbours of node i
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Equations for the probability piptq for the node i of being infected at

time t and the probability qiptq of being aware at time t:

dpi
dt
“ β0p1´ pi ´ qiq

N
ÿ

j“1

aijpj ` β
a
0 qi

N
ÿ

j“1

aijpj ´ δpi

dqi
dt
“ κ0p1´ pi ´ qiq

N
ÿ

j“1

aijpj ´ β
a
0 qi

N
ÿ

j“1

aijpj ´ δaqi

where βa0 is the transmission rate per A´ I contact: βa0 ă β0,

κ0 is the alerting rate per S ´ I contact, and δa is the awareness decay

rate, and 1´ pi ´ qi is the probability that node i is susceptible.

ãÑ Aware indiv are created from a direct interaction with infected indiv.

Remark: In Sahneh et al. (2012), there is no awareness decay (δa “ 0).
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Juher, Kiss & J.S. (2015): The model on regular random ntws, δa ě 0.

pptq: fraction of infected nodes at time t, iptq

qptq: fraction of aware/alerted nodes at time t, aptq
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How good is the MF approximation of the node-based SAIS model?

β “ kβ0, βa “ kβ0
a, κ “ kκ0

With a uniform initial condition, the agreement between the solutions to

both systems is pretty good on regular random networks (upper curve).

It is not so good if we depart from such an initial condition (clusters of

initially infected nodes (lower curve).
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The (reactive) SAIS model

Just, J.S. & Xin (2018): Reactive SAIS and SAUIS models

Alerted people can convince others to take preventive measures: αapiq is

the rate at which a susceptible indiv becomes aware following contact

with aware individuals:

da

dt
“ αipiq s i`

hkkkikkkj

αapiq s a` ppiq δ i´ βaa i´ δapiq a,

di

dt
“ pβ s` βa a´ δq i, s` a` i “ 1. (1)
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Equilibria:

Let us define the following basic reproduction numbers for the disease

spread (R0 and Rd0) and awareness dissemination (Ra0):

R0 “
β

δ
, Rd0 “

βa
δ
, Ra0 “

αap0q

δap0q
.

DFE: P1 “ p0, 0q, P2 “

´

1´ 1
Ra

0
, 0
¯

,

Endemic equilibria: P3 “ pa
˚, i˚q with i˚ “ 1´ δ

β ´

´

1´ βa

β

¯

a˚ ą 0.

P2 contains only alerted indiv. It is biologically meaningful if Ra0 ą 1.

The eigenvalues of the Jacobian matrix at P2 are:

λ1pP2q “ δap0q ´ αap0q, λ2pP2q “ β ´ δ ´ pβ ´ βaq

ˆ

1´
1

Ra0

˙

.
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Remark: The condition λ2pP2q ą 0 can be written as

R0 ` pR
a
0 ´ 1qpRd0 ´ 1q ą 1.
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There can be more than one endemic equilibrium P3 even if λ2pP2q ă 0:

Remark:
R0 ` pR

a
0 ´ 1qpR

d
0 ´ 1q “

6

4
`

ˆ

2

0.9
´ 1

˙ˆ

2

4
´ 1

˙

“ 0.u8 ă 1.
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But what about oscillatory solutions?
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4. The SAUIS model

Is it possible to have oscillatory solutions from the interplay between

disease spread and awareness without demographics or changes in the

contact pattern among individuals (Szabó-Solticzky et al. (2016))?

Not all the alerted individuals have the same degree of responsiveness.

The quality of the transmitted information has an impact on the creation

of aware indiv willing or unwilling to pass on the alert to other individuals

ãÑ Idea of degradation of the information introduced by Agliari et al.

(2006) and adopted by Funk et al. (2009) for an epidemic context:

”When information is passed from person to person, it loses its quality; in other words, first-hand information

about a disease case will lead to much more determined reaction than information that has passed through many

people before arriving at a given individual”.
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The model:

da

dt
“ αis i` αas a` p δ i´ βa a i´ δa a,

du

dt
“ δa a ` αus a ` q δ i´ βu u i´ δu u,

di

dt
“ pβ s` βaa` βuu´ δq i, s` a` u` i “ 1.

with 0 ď βa ď βu ă β and p` q ă 1.

Equilibria:

DFE: P1 “ p0, 0, 0q, P2 “ pa
˚
0 , u

˚
0 , 0q with a˚0 , u

˚
0 ą 0 iff Ra0 ą 1,

Endemic equilibria: P3 “ pa
˚, u˚, i˚q with

i˚ “ 1´
δ

β
´

ˆ

1´
βa
β

˙

a˚ ´

ˆ

1´
βu
β

˙

u˚ ą 0
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Transcritical bifurcations at R0 “ 1, Ra0 “ 1, and λ3pP2q “ 0 (λ3 is the

only eigenvalue of the Jacobian matrix at P2 that can be positive).

At λ3pP2q “ 0, both forward and backward bifurcations can occur:

a
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Hopf bifurcation (at the endemic equilibrium):

Let P3 be an endemic equilibrium, JpP3q be the Jacobian matrix at P3,

and ppλq “ λ3 ` c2λ
2 ` c1λ` c0 its characteristic polynomial

(c0 “ ´detpJq, c1 is the sum of the principal minors, c2 “ ´tracepP2qq.

JpP3q has precisely one pair of pure imaginary eigenvalues iff

c0 ´ c1c2 “ 0 and c1 ą 0 (Guckenheimer et al. (1997)).

The Hopf pairs pβa, αiq are found by solving the three equilibrium

equations and c0 ´ c1c2 “ 0 (with c1 ą 0) with αi as a tuning

parameter: βa “ fpa˚pαiq, u
˚pαiq, i

˚pαiq, αiq

ãÑ Algebraic Hopf-bifurcation curve: H “ tpβa, αiqu
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Example:
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5. The SAUIS-ε model

How robust are the predicted oscillations when we depart from the

underlying assumptions of the mean-field approximation?

Different network architectures (not only regular random networks)

ãÑ Integrate the N -intertwined epidemic model to include adjacency

matrices corresponding to different networks.

Gillespie algorithm for performing stochastic simulations of the model.

To avoid the stochastic epidemic extinction when the prevalence is very

low, we consider a very low rate ε of imported cases from individuals who

have been infected abroad (Juher, Rojas & J.S. (2020)).
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The SAUIS-ε model:

da

dt
“ αis i` αas a` p δ i´ βa a i´ δa a ´ εa ,

du

dt
“ δa a` αus a` q δ i´ βu u i´ δu u ´ εu ,

di

dt
“ pβ s` βaa` βuu´ δq i` p1´ iqε ,

with s` a` u` i “ 1 and ε ě 0.

Very low values of ε will not alter the underlying deterministic dynamic of

the epidemic.
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Sm “ maxtRepλq |λ P σpJpP3qqu
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Hopf diagram using the FGA2 on regular random networks of size 10.000:

Linear noise approx: The standard deviation of random fluctuations about the mean fraction „ 1?
N
“ 0.01

2
Fast Gillespie Algorithm. The nodal degree is not a parameter of the algorithm.
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Linear noise approx: The standard deviation of random fluctuations about the mean fraction „ 1?
N
“ 0.0316
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Juher, Rojas & J.S. (2022): SAUIS-ε model with non-constant rates

The model:

da

dt
“ αis i` αas a´ βa a i´ δaσmpiq a ´ εa,

du

dt
“ δaσmpiq a ` αuσmpiq s a ´ βu u i´ δu u ´ εu,

di

dt
“ pβ s` βaa` βuu´ δq i` p1´ iqε,

with s` a` u` i “ 1, ε ě 0.

With a high disease prevalence, the awareness decay rate δa and the

alerting rate αu will be lower than when i « 0.

ãÑ Both rates are modulated by the function σmpiq.

GSDUAB seminar 34



σmpiq “
1

1` pi{ηqm
, m ě 1.

The sharpness of the reduction of the rates is controlled by m.
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Lemma: This system with ε “ 0 has at least one endemic equilibrium if

0 ď βa ă βu ă δ ă β and Ra0 ă
R0´R

d
0

1´Rd
0

.

The proof is based, first, on the fact that any endemic equilibrium lies

inside the plane

i “ 1´
δ

β
´

ˆ

1´
βa
β

˙

a´

ˆ

1´
βu
β

˙

u,

which reduces the problem to finding the common zeros of two functions

f1pa, uq and f2pa, uq, and, second, on a version of the Poincaré-Miranda

theorem in a triangular domain which guarantees the existence of at least

one common zero.

For ε small enough, the system with ε ą 0 also has an endemic equilib.

From now on we will restrict ourselves to parameter values that satisfy

these two conditions. In particular, they imply Rd0 ă 1 ă R0.

GSDUAB seminar 36



The tuning parameter is m which is related to the abrupt change in the

awareness decay.
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Numerical computation of the limit cycles and their stability using the

Poincaré map.

Amplitude = difference between the largest and the smallest fractions of

infected individuals along the periodic orbit.
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Stochastic detection of bistability:

n “ 1000 stochastic realizations of an epidemic with N “ 105.
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https://sites.google.com/view/epimod-girona2023/
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Thank you for your attention!
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